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Abstrat
We onsider two dierent physial systems for whih the basis of the Hilbert spae
an be parametrized by Young diagrams: free omplex fermions and the phase model
of strongly orrelated bosons. Both systems have natural, well-known deformations
parametrized by a parameter Q: the former one is related to the deformed boson-fermion
orrespondene introdued by N. Jing, while the latter is the so-alled Q-boson, arising
also in the ontext of quantum groups. These deformations are equivalent and an be
realized in the same way in the algebra of Hall-Littlewood symmetri funtions. Without
a deformation, these redue to Shur funtions, whih an be used to onstrut a gener-
ating funtion of plane partitions, reproduing a topologial string partition funtion on
C3. We show that a deformation of both systems leads then to a deformed generating
funtion, whih reprodues topologial string partition funtion of the onifold, with the
deformation parameter Q identied with the size of P1. Similarly, a deformation of the
fermion one-point funtion results in the A-brane partition funtion on the onifold.
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1 Introdution
In this paper we onsider two dierent physial systems with the same underlying
struture: free omplex fermions in two dimensions, and a hain of strongly interating
bosons. In both ases the relevant Hilbert spaes have a basis parametrized by Young
diagrams, and elements of these basis an be represented by Shur funtions. In partiular,
in the ase of free omplex fermions the mapping to Shur funtions is a part of the well-
known boson-fermion orrespondene [1, 2℄. There is a similar relation in the hain of
interating bosons, whih originates in a non-standard algebra they obey.
Here we will be mostly interested in deformations of the above systems. In the ontext
of free fermions, a partiularly interesting lass of suh deformations is related to the
lassial boson-fermion orrespondene. The deformation we are mainly onerned with
was introdued by N. Jing [3, 4℄. It maps the states in the fermioni Hilbert spae to the
Hall-Littlewood symmetri polynomials Qλ, whih are a one-parameter generalization of
Shur funtions. One an also introdue the vertex operators Γ±(y), whih ating on the
vauum |0〉 generate states |λ〉 orresponding to Young diagrams λ, and the oeients of
this expansion turn of to be the seond speies of Hall-Littlewood funtions Pλ
N∏
j=1
Γ−(yj)|0〉 =
∑
λ
Pλ(y1, . . . , yN ;Q)|λ〉. (1)
In general there are more generalizations of the boson-fermion orrespondene whih are
related to other families of symmetri funtions [5℄.
The other system we analyze is the so-alled Q-boson model, desribing strongly inter-
ating bosons on a hain [6, 7℄. The Q-boson model is an integrable system, whih an be
solved within the framework of the Quantum Inverse Sattering Method [7, 8℄. The alge-
bra underlying the Q-boson model is more ompliated than the standard bosoni algebra,
and it arises also in the ontext of quantum groups [9℄. This system has an interesting
limit of innitely strong oupling, whih orresponds to Q = 0. This limit is alled a phase
model, whih is also the so-alled rystal limit of the quantum groups [10℄. The basis of
the Fok spae of the Q-boson model, and in partiular its phase model limit, an also be
parametrized by Young diagrams. Due to partiular properties of the phase model algebra,
this Fok spae an also be represented by Shur funtions, similarly as is the ase for free
omplex fermions [11℄. It then turns out that Q-boson model an be realized in the spae
of symmetri funtions also in suh way, that its states are mapped to the Hall-Littlewood
polynomials [12℄. We disuss how, in a partiular realization (whih diers from the one
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in [12℄ by normalization of states), the Hall-Littlewood polynomials in question are pre-
isely Qλ whih also arise in the ontext of the deformed boson-fermion orrespondene.
This relation allows to identify, in the limit of innite Q-boson hain, the states of the
deformed free fermions with those of the Q-boson model. In partiular, in the framework
of the Quantum Inverse Sattering Method one introdues ertain reation operators B(u)
whih ating on the vauum generate Q-boson states orresponding to partitions |µ〉, with
oeients also given by the Hall-Littlewood polynomials
N∏
j=1
B(uj)|0〉 =
∑
µ
Pµ(u
2
1, . . . , n
2
N ;Q)|µ〉. (2)
In the limit of innite hain the right sides of (1) and (2) are the same, and (taking into
aount the subtlety onerning the zero-energy states) we an identify the two systems.
In partiular the vertex operators Γ−(y
2) are mapped to the reation operators B(u).
Both systems mentioned above an also be used to ompute generating funtions of
plane partitions of various shape. For free fermions (without any deformation) the ounting
is performed in terms of the vertex operators ΓQ=0± (yi) with a deformation parameter Q = 0
and by speializing the values of yi to ertain values [14, 15, 16℄. These generating funtions
arise as overlaps of states of the form (1) (with Q = 0). Similarly, generating funtions
of plane partitions an be found in the phase model [11, 13℄ as overlaps of states of the
form (2) with Q = 0 and a partiular hoie of uj. Due to the onnetion between the
topologial string theory and the ounting of plane partitions [17℄, the generating funtions
obtained in this way turn out to be equal to the partition funtions of topologial strings
on ertain bakgrounds [16, 18, 19, 20℄. In partiular, plane partitions in the unrestrited
otant of Z3 lead to the partition funtion of C3 given by the MaMahon funtion M(q)
In the present paper we generalize the ounting of plane partitions to the ase of the
deformed systems. Our main observation is the fat that replaing, in the omputation of
the MaMahon funtion, the vertex operators (or respetively reation operators B(u)) by
their deformed ounterparts, one obtains the partition funtion of the topologial string on
the resolved onifold. The deformation parameter Q is then identied with e−t, where t is
the Kähler parameter of the onifold. Similarly, the fermion one-point funtion generalizes
from those of the A-brane in C3 [18℄ to the one of the A-brane in the resolved onifold. It is
therefore quite interesting that some natural deformations of the three seemingly unrelated
systems  free fermions, strongly orrelated boson, and topologial strings  are in a sense
the same.
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The paper is organized as follows. In setion 2 we review the deformed boson-fermion
orrespondene and its realization in the spae of symmetri funtions in terms of Hall-
Littlewood polynomials. In setion 3 we introdue the phase model. In setion 4 we disuss
its deformation to the Q-boson model, as well as its realization in the algebra of symmetri
funtions in terms of the same Hall-Littlewood polynomials as the deformed free fermions.
In setion 5 we disuss how free fermions or phase model an be used to ompute generating
funtions of plane partitions, how they relate to the topologial strings on C3, and how
the deformation of both systems leads to the topologial strings on the onifold. A short
review of a theory of symmetri funtions and in partiular Hall-Littlewood polynomials
is given in the appendix.
2 Deformed boson-fermion orrespondene
Let us reall rst the onstrution of the deformed boson-fermion orrespondene [3, 4℄.
We onsider the innite-dimensional Heisenberg algebra generated by
[αm, αn] =
m
1−Q|m|
δm,−n. (3)
One then onstruts generalized fermioni elds
ψ(z) = Γ−(z)Γ+(z)
−1eiz0zα0 ,
ψ∗(z) = Γ−(z)
−1Γ+(z)e
−iz0z−α0 , (4)
whih are expressed in terms of the vertex operators
Γ±(z) = exp
(∑
n≥1
1−Qn
n
α±nz
∓n
)
. (5)
From the Campbell-Hausdor formula we nd that these satisfy the ommutation relation
Γ+(z)Γ−(w) = Γ−(w)Γ+(z)
w −Qz
w − z
. (6)
We also dene the modes ψr, ψ
∗
r by
ψ(z) =
∑
r∈Z+ 1
2
ψrz
−r−1/2, ψ∗(z) =
∑
r∈Z+ 1
2
ψ∗rz
−r−1/2. (7)
These modes satisfy the ommutation relations
{ψr, ψs} = Q
(
ψr−1ψs+1 + ψs−1ψr+1,
)
{ψ∗r , ψ
∗
s} = Q
(
ψ∗r−1ψ
∗
s+1 + ψ
∗
s−1ψ
∗
r+1,
)
(8)
{ψr, ψ
∗
s} = Q
(
ψr+1ψ
∗
s−1 + ψ
∗
s+1ψr−1
)
+ (1−Q)2δr,−s.
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There is the vauum state |0〉 annihilated by all the positive modes
ψr|0〉 = ψ
∗
r |0〉 = 0, for r > 0,
as well as harged vaua
|m〉 = ψ∗−m+1/2 · · ·ψ
∗
−3/2ψ
∗
−1/2|0〉, for m > 0,
|m〉 = ψ−m+1/2 · · ·ψ−3/2ψ−1/2|0〉, for m < 0.
In the undeformed ase there is a one-to-one orrespondene between free fermion states
and two-dimensional partitions [2℄. In the neutral setor the state
|µ〉 =
d∏
i=1
ψ∗
−ai−
1
2
ψ−bi− 12
|0〉 (9)
orresponds to the partition
µ = (µ1, . . . , µl)
with number of rows l = l(µ), suh that
ai = µi − i, bi = µ
t
i − i.
The sequenes (ai) and (bi) are neessarily stritly dereasing and they speify a partition
in the so-alled Frobenius notation
µ =
(
a1 a2 . . . ad(µ)
b1 b2 . . . bd(µ)
)
, (10)
where d(µ) denotes the number of boxes on a diagonal of a Young diagram of µ. We often
desribe the partition also by speifying how many rows ni(µ) of length i it has, whih is
denoted by
µ = 1n1(µ)2n2(µ)3n3(µ) · · · (11)
It is easy to visualize this orrespondene in terms of the Fermi sea. The vauum |0〉 is
given by a Fermi sea with all negative states lled and it is mapped to the trivial partition
•. A nontrivial partition is most easily visualized if one draws it with a orner xed at the
edge of the lled part of the Fermi sea. Then, the positions of partiles and holes are read
o by projeting the ends of the rows and the olumns of this partition onto the Fermi
sea, as shown in gure 1.
The above orrespondene an be generalized to the deformed ase with the help of
Hall-Littlewood polynomials. Let us rst identify the spae of bosoni modes with the ring
5
Figure 1: A standard orrespondene between partitions and states for Q = 0.
Positions of partiles and holes are given by projeting the ends of the rows
and the olumns of a partition onto a Fermi sea. The partition drawn in
the gure is µ = (5, 2, 2, 1) ≡ 112251 and the orresponding state is |µ〉 =
ψ∗
− 1
2
ψ− 3
2
ψ∗
− 9
2
ψ− 7
2
|0〉.
of symmetri funtions by the mapping ı whih assoiates α−n to the Newton symmetri
polynomial
ı(α−n) = pn.
This mapping is the isometri isomorphism. The main ontribution of [3, 4℄ is the realiza-
tion that this isometri isomorphism extends to the full deformed spaes of bosoni modes,
and the images of fermioni states are Hall-Littlewood polynomials. In partiular, the
state obtained by appliation of m reation operators ψ∗−ri on the harged vauum | −m〉
is mapped to
ı
(
|µ〉
)
≡ ı
(
ψ∗−rm · · ·ψ
∗
−r1
∣∣−m〉) = Qµ, (12)
where Qµ is the Hall-Littlewood funtion (43) assoiated to the partition µ = (µ1, µ2, . . .),
suh that the sequene (ri) is dereasing and
µi = ri + i−
1
2
.
The relations (12) and (46) imply that
N∏
j=1
Γ−(yj)|0〉 =
∑
λ
Pλ(y1, . . . , yN ;Q)|λ〉. (13)
6
For Q = 0 the relations (3-8) and (13) redue to those of the ordinary bosons and
fermions, and the mapping (12) assoiates fermioni states to the Shur funtions (39) in
the standard way [2℄
Q = 0 ⇒ ı
(
|µ〉
)
≡ ı
(
ψ∗−rm · ψ
∗
−r1
∣∣−m〉) = sµ. (14)
3 Phase model
In this setion we onsider a bosoni system based on the following algebra
[N, φ] = −φ, [N, φ†] = φ†, [φ, φ†] = π, (15)
with π = |0〉〈0| the projetion to the vauum. The operator φ is one-sided isometry
φφ† = 1, φ†φ = 1− π.
This algebra an be represented in the Fok spae F onsisting of n-partile states |n〉,
suh that
φ†|n〉 = |n+ 1〉, φ|n〉 = |n− 1〉, φ|0〉 = 0, N |n〉 = n|n〉.
The phase model is a model of a periodi hain with the hamiltonian [6, 7, 11℄
H = −
1
2
M∑
i=0
(
φ†iφi+1 + φiφ
†
i+1 − 2Ni
)
, (16)
with eah set of operators φi, φ
†
i , Ni satisfying the algebra (15) and otherwise mutually
ommuting. The overall Fok spae of the model is the tensor produt of M + 1 Fok
spaes
F =
M⊗
i=0
Fi. (17)
The operator of the total number of partiles is given by
Nˆ =
M∑
i=0
Ni.
The N-partile vetors in this spae are of the form
|λ〉 =
M⊗
i=0
|ni〉i, where |ni〉i = (φ
†
j)
nj |0〉j, N =
M∑
i=0
ni, (18)
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and we assoiate to it a partition λ = 1n12n2 . . .. In fat, this assoiation is not quite
unique: the partition λ itself does not know about the number n0 of partiles in the
ground state |0〉i. Nonetheless, if we x the total number of partiles N , we an dedue
n0 = N − n1 − n2 − . . . = N − l(λ), where l(λ) is the number rows in λ.
The phase model is integrable and it an be solved in the formalism of the Quantum
Inverse Sattering Method [8℄. The solution is enoded in terms of the monodromy matrix
T (u) = LM(u)LM−1(u) · · ·L0(u),
whih is a produt of L-matries assoiated to eah site of the hain
Li(u) =
[
u−1 φ†i
φi u
]
, i = 0, . . . ,M,
depending on the spetral parameter u. Eah L-matrix, as well as the monodromy matrix,
satises the intertwining relation
R(u, v)
(
Li(u)⊗ Li(v)
)
=
(
Li(v)⊗ Li(u)
)
R(u, v),
R(u, v)
(
T (u)⊗ T (v)
)
=
(
T (v)⊗ T (u)
)
R(u, v), (19)
with the R-matrix
R(u, v) =


f(v, u) 0 0 0
0 g(v, u) 1 0
0 0 g(v, u) 0
0 0 0 f(v, u)

 , (20)
with
f(v, u) =
u2
u2 − v2
, g(v, u) =
uv
u2 − v2
.
The ruial objets in the following onsiderations are entries of the monodromy matrix,
whih we denote as
T (u) = u−M
[
A(u) B(u)
C(u) D(u)
]
, (21)
and whih are operators ating in the Fok spae (17). In partiular, the operatorsB(u) and
C(u) are respetively reation and annihilation operators, in the sense that they inrease
and derease the total number of partiles
NˆB(u) = B(u)(Nˆ + 1), NˆC(u) = C(u)(Nˆ − 1). (22)
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The operators A(u) and D(u) do not hange the total number of partiles.
Aording to the Quantum Inverse Sattering Method, the eigenfuntions of the hamil-
tonian are of the form
|Ψ(u1, . . . , uN)〉 =
N∏
i=1
B(uj)|0〉, (23)
provided that the parameters ui satisfy the Bethe equations. Nonetheless, the states of
this form are N -partile states, and may be of interest even if the Bethe equations are not
satised.
As shown in [11, 12℄, there is the following isometry between the states (18) and the
Shur funtions (39)

( M⊗
i=0
|ni〉i
)
= sλ, with λ = 1
n12n2 . . . (24)
This relation implies that the states (23) have the following expansion in the basis (18)
|Ψ(u1, . . . , uN)〉 =
∑
λ
sλ(u
2
1, . . . , u
2
N)
M⊗
i=0
|ni〉i, (25)
and the oeients of this expansion are also the Shur funtions.
In the limit M → ∞ the relation (24) is the exat ounterpart of the lassial boson-
fermion orrespondene (14), and we an identify the states of the phase model with those
of the free fermion Fok spae. Moreover, (23) and (25) imply that the operator B(u)
an be identied with ΓQ=0− (u
2), whih is Q = 0 limit of (5) [11, 12℄. Similarly, C(u) an
be identied with ΓQ=0+ (u
2). This is also the reason why the phase model an be used
to ompute the generating funtion of plane partition, similarly as in [16℄, by hoosing
the parameters ui appropriately. However, the phase model has an important advantage:
when M is nite, the operators B(u) and C(u) generalize ΓQ=0± , and are still manageable to
manipulate, whih allows to ompute expliitly the generating funtion of plane partitions
in a box of nite height [11, 13℄.
4 Q-bosons
There is a natural deformation of the phase model onsidered above. The algebra (15)
is the Q = 0 limit of the so-alled Q-boson algebra generated by operators B,B† and N
[N,B] = −B, [N,B†] = B†, [B,B†] = QN . (26)
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This algebra has been extensively studied e.g. in [6, 7, 8℄, and it appears also in the ontext
of quantum groups [10℄. We hoose the following realization
1
of this algebra in the Fok
spae F
B†|n〉 = |n+ 1〉, B|n〉 = [n]|n− 1〉, B|0〉 = 0, N |n〉 = n|n〉, (27)
with the salar produt given by
〈n|n〉 = [n]! (28)
where we introdue the notation
[n] =
1−Qn
1−Q
, [n]! =
n∏
j=1
[j]. (29)
On the other hand, for Q = 1 the Q-boson operators beome ordinary bosons B → b,
B† → b†, whih satisfy [b, b†] = 1.
Similarly as for the phase model, we onsider the tensor produt Fok spae (17) with
M + 1 omponents Fi and orresponding operators Bj, B
†
j , Nj. We again assoiate the
states in this Fok spae with partitions (up to subtlety onerning the number of zero-
energy partiles n0)
|λ〉 =
M⊗
i=0
|ni〉i. (30)
From the salar produt (28) we get the norms of the N-partile states
〈λ|λ〉 =
M∏
j=0
[nj ]! =
∏N−l(λ)
j=1 (1−Q
j)
(1−Q)N
bλ(Q), (31)
with bλ(Q) dened as in (44).
The generalization of the hamiltonian (16) to the Q-boson ase has the following form
H = −
1
2
M∑
i=0
(
B†iBi+1 +BiB
†
i+1 − 2Ni
)
. (32)
Writing
Q = e−γ (33)
with 0 < γ ∈ R, the parameter γ an be interpreted as a oupling onstant assoiated
to interating terms arising in the expansion of H . Small oupling γ orresponds to the
free boson limit with the free hopping model hamiltonian. On the other hand, the limit of
1
it diers from the algebra in [12℄ by the normalization of the state |n〉
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vanishing Q orresponding to the phase model an be interpreted as the strong oupling
limit with γ →∞ [7℄.
Similarly as in the phase model, the solution of the Q-boson model is enoded in terms
of the monodromy matrix
T (u) = LM(u)LM−1(u) · · ·L0(u) = u
−M
[
A(u) B(u)
C(u) D(u)
]
,
with L-matries of the form
Li(u) =
[
u−1 B†i
(1−Q)Bi u
]
, i = 0, . . . ,M,
depending on the spetral parameter u. L-matries and the monodromy matrix satisfy the
intertwining relation as in (19), but with the deformed R-matrix
RQ(u, v) =


f(v, u) 0 0 0
0 g(v, u) Q−1/2 0
0 Q1/2 g(v, u) 0
0 0 0 f(v, u)

 ,
with
f(v, u) =
Q−1/2u2 −Q1/2v2
u2 − v2
, g(v, u) =
uv(Q−1/2 −Q1/2)
u2 − v2
.
This R-matrix is related to (20) by the limit limQ→0RQ(u, v) = R(u, v). The reation B(u),
annihilation C(u), as well as A(u) and D(u) operators are dened as the omponents of
the above monodromy matrix, in the same way as in (21).
4.1 Q-bosons and Hall-Littlewood polynomials
We now extend the relation (24) to the orrespondene between the Q-boson state and
Hall-Littlewood funtions. In the realization (27), the relevant funtions are those given
in (43)

( M⊗
i=0
|ni〉i
)
= Qλ(x,Q), with λ = 1
n12n2 . . . . (34)
Let us expand the reation operator as B(u) =
∑M
k=0 u
2kbk. We show rst (slightly
modifying the proof in [12℄) that in the algebra of symmetri funtions bk ats as the
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multipliation by qk given in (47). It is onvenient to introdue the notation B
†
j ≡ B
1
j , Bj ≡
B−1j , 1j ≡ B
0
j , so that
bk =
∑
ǫM ,...,ǫ0
(1−Q)
P
i δ−1,ǫiBǫMM · · ·B
ǫ0
0 ,
where ǫ0 ∈ {0, 1}, the highest non-vanishing ǫl = 1, ǫjǫj+1 6= 1 and
∑
jǫj = k. Ating on
a state orresponding to the Hall-Littlewood polynomial Pµ, the operator B
1
j inserts one
row of length j, while Bj either removes one row of length j, or annihilates this state in
ase it did not ontain any row of suh length. This produes a state orresponding to
ertain partition λ. We therefore have ni(λ) = ni(µ) + ǫi, where the number of rows of
length i is given also by ni(λ) = λ
t
i − λ
t
i+1. Introduing the skew diagram θ = λ − µ, we
nd θti = θ
t
i+1 +ni(λ)− ni(µ) = θ
t
i+1 + ǫi ∈ {0, 1}. Beause ǫjǫj+1 6= 1, this means that θ is
a horizontal strip (it has at most one box in eah olumn), while the ondition
∑
jǫj = k
implies that θ onsists of k boxes. Therefore θ is a horizontal k-strip and
bkPµ =
∑
λ:λ/µ∈Hk
c(µ, λ)Pλ,
and oeients c(µ, λ) ontain a fator (1 −Q)[nj(µ)] assoiated with eah operator B
−1
j
and the realization (27). Suh fators arise for ǫj = −1, whih means that θj < θj+1, so
that the set of suh j's is preisely the set J introdued at the end of the Appendix. This
way we get
c(µ, λ) =
∏
j∈J
(1−Qnj(µ)) = ψλ/µ(Q)
where the funtion ψλ/µ(Q) is given in (50). Finally, from Pieri formula (49) we see that
bk indeed ats as a multipliation by the symmetri funtion qk.
Moreover, this means that the operator B(u) orresponds to
∑M
k=0 u
2kqk(xi), whih an
be treated as a speialization to nite number of variables of
∑M
k=0 u
2kqk(xi) = Q(u
2) given
in (48). Applying the operators B(uj) N times and using (46) we get

( N∏
j=1
B(uj)|0〉
)
=
∏
i,j
1−Qxiu
2
i
1− xiu2j
=
∑
λ
Pλ(u
2
1, . . . , n
2
N ;Q)Qλ(x;Q),
and therefore, with |λ〉 as given in (30)
N∏
j=1
B(uj)|0〉 =
∑
λ
Pλ(u
2
1, . . . , n
2
N ;Q)|λ〉. (35)
This statement is the ounterpart of the relation (13) in the deformed boson-fermion orre-
spondene. The preise agreement we get in the limit M →∞; in partiular, in this limit
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we an identify Q-boson operators B(u) with the deformed vertex operators Γ−(u
2) (5).
For nite M the Q-boson model provides a generalization of the deformed boson-fermion
orrespondene.
4.2 Examples
Let us x M = 2. By the straightforward expansion of the operators B(u) into om-
ponents we nd
B(u) = B†0 + u
2(1−Q)B†0B1B
†
2 + u
2B†1 + u
4B†2.
Applying three suh operators to the vauum we get the deomposition
B(u1)B(u2)B(u3)|0〉 =
∑
λ⊂[3,2]
Pλ|λ〉
where the sum runs over Young diagrams with at most 3 rows and 2 olumns, and the
oeients are indeed Hall-Littlewood polynomials
P•(u
2
1, u
2
2, u
2
3;Q) = 1, P (u
2
1, u
2
2, u
2
3;Q) = u
2
1 + u
2
2 + u
2
3
P (u21, u
2
2, u
2
3;Q) = u
4
1 + u
4
2 + u
4
3 + (1−Q)(u
2
1u
2
2 + u
2
1u
2
3 + u
2
2u
2
3)
P (u21, u
2
2, u
2
3;Q) = u
2
1u
2
2 + u
2
1u
2
3 + u
2
2u
2
3
P (u21, u
2
2, u
2
3;Q) = u
2
1u
4
2 + u
2
2u
4
1 + u
2
1u
4
3 + u
2
3u
4
1 + u
2
2u
4
3 + u
2
3u
4
2 + (2−Q−Q
2)u21u
2
2u
2
3
P (u21, u
2
2, u
2
3;Q) = u
4
1u
4
2 + u
4
1u
4
3 + u
4
2u
4
3 + (1−Q)u
2
1u
2
2u
2
3(u
2
1 + u
2
2 + u
2
3)
P (u21, u
2
2, u
2
3;Q) = u
2
1u
2
2u
2
3, P (u
2
1, u
2
2, u
2
3;Q) = u
2
1u
2
2u
2
3(u
2
1 + u
2
2 + u
2
3)
P (u21, u
2
2, u
2
3;Q) = u
4
1u
4
2u
4
3, P (u
2
1, u
2
2, u
2
3;Q) = u
2
1u
2
2u
2
3(u
2
1u
2
2 + u
2
1u
2
3 + u
2
2u
2
3)
For M = 3 we get
B(u) = B†0+u
2B†1+u
4B†2+u
6B†3+u
2(1−Q)
(
B†0B1B
†
2+B
†
0B2B
†
3
)
+u4(1−Q)
(
B†0B1B
†
3+B
†
1B2B
†
3
)
.
The deomposition of the state
B(u1)B(u2)|0〉 =
∑
λ⊂[2,3]
Pλ|λ〉
is also given by the sum runs over Young diagrams, this time with at most 2 rows and 3
13
olumns, and the oeients are the appropriate Hall-Littlewood polynomials
P•(u
2
1, u
2
2;Q) = 1, P (u
2
1, u
2
2;Q) = u
2
1 + u
2
2
P (u21, u
2
2;Q) = u
4
1 + u
4
2 + (1−Q)u
2
1u
2
2
P (u21, u
2
2;Q) = u
2
1u
2
2, P (u
2
1, u
2
2;Q) = u
2
1u
4
2 + u
2
2u
4
1
P (u21, u
2
2;Q) = u
4
1u
4
2, P (u
2
1, u
2
2;Q) = u
4
1u
6
2 + u
4
2u
6
1
P (u21, u
2
2;Q) = u
2
1u
6
2 + u
2
2u
6
1 + (1−Q)u
4
1u
4
2
P (u21, u
2
2;Q) = u
6
1u
6
2, P (u
2
1, u
2
2;Q) = (1−Q)(u
2
1u
4
2 + u
2
2u
4
1 + u
6
1 + u
6
2)
5 Topologial strings on the onifold
The A-model topologial string partition funtion on C3 is given by the MaMahon
funtion
Ztop
C3
= M(q) =
∏
m,n≥1
1
1− qn+m−1
and it has been related to the topologial vertex and the ounting of plane partition in
[16℄. The generating funtion of plane partitions an be written as a fermioni orrelator
involving the standard vertex operators ΓQ=0± (zn±) with a partiular speialization of the
values of
zn± = q
±(m−1/2).
Let us onsider the same orrelator as in [16℄ with the same speialization of z's, but
with vertex operators replaed by their deformed versions (5)
ZQ = 〈0|
∏
n≥1
Γ+
(
qn−1/2
) ∏
m≥1
Γ−
(
q−(m−1/2)
)
|0〉. (36)
We expet to get a modiation of the C3 partition funtion. Using the ommutation
relations (6), or the deformed boson-fermion orrespondene (12) together with the salar
produt in the algebra of symmetri funtions (45), the above expression leads to
ZQ =
∏
m,n≥1
1−Qqm+n−1
1− qm+n−1
=
∑
µ,ν
PµPν〈ν|µ〉 =
∑
µ
PµPµbµ(Q) = Z
top
conifold(Q). (37)
This reprodues the A-model topologial string partition funtion on the resolved onifold,
if we assume that
Q = e−t,
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where t is the Kähler parameter of the onifold. Moreover, using the identiation of the
vertex operators Γ± with the Q-boson operators B and C, the parameter t an be identied
with the Q-boson oupling onstant (33).
We ould perform a similar alulation from the point of view of Q-bosons. From the
statement (35) we get a similar sum as in (37), involving the salar produt 〈ν|µ〉, now
with these states orresponding to Q-boson states. Nonetheless, there is a subtlety related
to the number of zero-energy states n0 mentioned earlier. In the Q-boson ase the salar
produt has the form (31), so apart from the bµ(Q) fator we are interested in there arise
also some prefators, whih an be disarded for innite N . However, for nite N (whih
would orrespond to ounting partitions in a box of nite size), the orrelator (36) with Γ±
replaed by Q-boson operators B and C would lead expliitly to an answer whih diers
by these prefators.
The relation between topologial strings, plane partitions and fermions was also ex-
tended to inlude topologial A-branes in [18℄, where it was shown that a orrelator of a
fermion eld
ψ∗6=0(z) = Γ
−1
− (z)Γ+(z)
(with zero modes disarded) reprodues the open topologial string partition funtion for
the A-brane. We an repeat this omputation in the ase of the deformed operators, upon
inserting ψ∗6=0 (36). This yields
ZQ = 〈0|
∏
n≥1
Γ+
(
qn−1/2
) N+1∏
m=1
Γ−
(
q−(m−1/2)
)
ψ∗6=0
(
q−(N+1/2)
) ∞∏
m=N+2
Γ−
(
q−(m−1/2)
)
|0〉 =
= Ztopconifold(Q)
L(a)
L(aQ)
ξ(q, Q), (38)
where L(a) is the quantum dilogarithm (in the multipliative notation) with the open string
parameter a = qN+1/2. This indeed reprodues the partition funtion of the A-brane, after
disarding the fator
ξ(q, Q) =
∏
m≥1
1−Qqm
1− qm
.
Similarly as before, this an be translated into the Q-boson language.
6 Summary
In this paper we reviewed two integrable models  free fermions and strongly orrelated
bosons  and disussed their deformations, whih an be realized in the same way in
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the algebra of symmetri funtions in terms of Hall-Littlewood polynomials. Without
a deformation, one an derive the generating funtions of plane partitions using either
of these systems, whih reprodues the topologial string partition funtion on C3. We
showed that the deformation of both systems leads to a deformed partition funtions,
whih oinide with the partition funtion of the resolved onifold, with or without an
A-brane. The Kähler parameter of the onifold is identied with a deformation parameter.
First of all, there should be some deeper physial reasons why suh dierent physial
systems have deformations whih are desribed by the same funtions. In partiular it
would be interesting to realize the deformed boson-fermion orrespondene and Q-bosons
more expliitly in the ontext of topologial strings. For example, the appearane of
undeformed free fermions was related in [21℄ by a series of string theory dualities to a
system of interseting branes in the presene of the B-eld. It would be nie to extend
that piture to inlude the deformation onsidered in this paper.
It is also tempting to understand whether underlying integrability of the strongly ou-
pled bosoni hain ould reveal some new features of the topologial string theory, both in
undeformed and deformed ase.
One ould also generalize the present work in many diretions. On one hand, there are
more general deformation of the boson-fermion orrespondene, related to other families
of Shur funtions [5℄. For example, replaing the ommutation relations (3) by [αm, αn] =
m 1−T
|m|
1−Q|m|
δm,−n leads to the Madonald polynomials, whih apparently appeared also in
the ontext of topologial strings and the so-alled rened topologial vertex [22, 23℄.
On the other hand, on ould generalize the omputation of generating funtions of plane
partitions to more involved ontainers, and nd their proper interpretation. Although suh
a omputation is in priniple possible in the free fermion framework [19, 20℄, the Q-boson
model seems to be even better well-suited in this ontext [11, 12, 13℄.
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Appendix  symmetri funtions
In this appendix we review a few properties of symmetri funtions [24℄ whih we need
in our analysis. Let Λ = Z[x1, x2, . . .] denote the ring of symmetri polynomials. This ring
is graded with respet to the degree of a polynomial k
Λ =
⊕
k≥0
Λk.
One an extend this ring by introduing an additional parameter Q, whih leads to the
ring
Λ⊗Q(Q)
of symmetri funtions over Q(t).
There are several useful basis of Λ⊗Q(Q), whih are parametrized by partitions. The
Newton polynomial pµ =
∏
l pµl are expressed by power sums pn =
∑
i x
n
i . Monomial
symmetri funtions mµ are sums of all distint monomials obtained from x
µ =
∏
xµii by
permutations of xi. Elementary symmetri funtions eµ =
∏
eµi are determined in terms of
the generating funtion E(t) =
∑
k≥0 ekt
k =
∏
k(1 + txk). Similarly, omplete symmetri
funtions hµ =
∏
hµi are determined by the generating funtion H(t) =
∑
k≥0 hkt
k =∏
k(1− txk)
−1
. Shur funtions are given as
sµ = det(hµi−i+j) = det(eµti−i+j). (39)
One also introdues a salar produt on the spae Λ⊗Q(Q) by requiring that
〈pµ, pν〉 = zR(Q)δµν , (40)
where, using the notation (11),
zµ(Q) =
ini(µ)ni(µ)!∏
i≥1(1−Q
µi)
. (41)
We are partiularly interested in Hall-Littlewood symmetri funtions. There are two
kinds of suh funtions, given by
Pµ(x1, . . . , xn;Q) =
1
v(Q)
∑
w∈Sn
w
(
xµ11 · · ·x
µn
n
∏
i<j
xi − txj
xi − xj
)
, (42)
Qµ(x1, . . . , xn;Q) = bµPµ(x1, . . . , xn;Q) = (43)
= (1−Q)l(µ)
∑
w∈Sn
w
(
xµ11 · · ·x
µn
n
∏
i<j
xi − txj
xi − xj
)
,
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where
vµ(Q) =
∏
i≥1
vni(µ)(Q), vn(Q) =
n∏
j=1
1−Qj
1−Q
,
bµ(Q) =
∏
i≥1
φni(µ)(Q), φn(Q) =
n∏
j=1
(1−Qj). (44)
Hall-Littlewood symmetri funtions interpolate between the Shur funtions and the
monomial symmetri funtions,
Pµ(x; 0) = sµ(x), Pµ(x, 1) = mµ(x).
The funtions Pµ and Qµ are dual to eah other with respet to the salar produt (40),
so that
〈Pµ, Qν〉 = δµν , 〈Pµ, Pν〉 =
δµν
bµ(Q)
, 〈Qµ, Qν〉 = bµ(Q) δµν , (45)
and they satisfy∑
µ
Pµ(x,Q)Qµ(y,Q) =
∑
µ
bµ(Q)Pµ(x,Q)Pµ(y,Q) =
∏
i,j
1−Qxiyj
1− xiyj
. (46)
For a partition µ = (r) onsisting of a single row of r boxes, the generating funtion of
qr(x,Q) = Q(r)(x,Q) = (1−Q)P(r)(x,Q) (47)
is equal to
Q(u) =
∞∑
r=0
qr(x,Q)u
r =
∏
i
1−Qxiu
1− xiu
=
H(u)
H(Qu)
. (48)
Finally, let Hr denote the horizontal r-strip, i.e. a skew partition θ = µ/ν whose
olumns onsist of at most one box, i.e. θ′i ∈ {0, 1}. Then we have the following Pieri
formulas
Pµqr =
∑
λ:λ/ν∈Hr
ϕλ/ν(Q)Pλ, Qµqr =
∑
λ:λ/ν∈Hr
ψλ/ν(Q)Qλ, (49)
where sums run over all diagrams λ ⊃ ν suh that λ/ν is a horizontal r-strip, and
ϕλ/ν(Q) =
∏
i∈I
(1−Qni(λ)), ψλ/ν(Q) =
∏
j∈J
(1−Qni(µ)), (50)
where the set I onsists of integers i ≥ 1 suh that θ′i > θ
′
i+1 (so equivalently θ
′
i = 1 and
θ′i+1 = 0), while the set J onsists of integers j ≥ 1 suh that θ
′
j < θ
′
j+1 (so equivalently
θ′j = 0 and θ
′
j+1 = 1). One an verify that
ϕλ/ν(Q)/ψλ/ν(Q) = bλ(Q)/bµ(Q).
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